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Validity of Amiet’s Model for Propeller Trailing-Edge Noise
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This paper presents a fundamental investigation into the validity of the classical model by Amiet for predicting the
broadband trailing-edge noise due to rotating blades. This approximate model is compared analytically against a
model in which the effects of rotation are treated exactly. Low- and high-frequency limits are identified, within which
Amiet’s model is in excellent agreement with the exact solution. Estimates of the error of Amiet’s model outside of
these limits are also provided. The method is illustrated by application to an open propeller, a model cooling fan, and
a wind turbine. The use of Amiet’s model for treating the effects of rotation can provide substantial reductions in
computation time when the unsteady blade response is computed from computationally demanding methods, such as

computational fluid dynamics.

Nomenclature
B = blade number
c = airfoil chord
oy = friction coefficient
Co = speed of sound
D, = directivity function of exact model
D, = directivity function of Amiet’s model
dF = elemental force applied by blade on fluid
Shign = high-frequency limit of validity of Amiet’s model
low = low-frequency limit of validity of Amiet’s model
S shatt = shaft frequency, /27
= acoustic azimuthal mode order
k,, kx = spanwise and chordwise wave numbers of
turbulence
ko = acoustic wave number, w/c,
L = aeroacoustic coupling term
I, = spanwise correlation length
M, = flight Mach number
M, = rotation Mach number
r = radial location of midspan of blade strip
Spp.amiec = power spectral density predicted by Amiet’s model
Sppexact = power spectral density predicted by exact model
Saq = wave number cross spectrum of surface pressure
t = observer time
U. = convection velocity
Uy = chordwise flow velocity
o = stagger angle
8 = boundary-layer thickness
Ar = span of blade section
K = aeroacoustic coupling wave number
U, Lo = acoustic reduced frequency without and with effects
of skewed gusts
T = retarded time
Ty = wall shear stress

®,, = surface pressure spectrum

Q = rotor angular speed

1) = angular frequency

wy, w, = Doppler-shifted angular frequency
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Subscripts
Amiet = quantity related to Amiet’s model
exact = quantity related to exact model
k = quantity depending on k
¢ quantity depending on ¢
I. Introduction

HE prediction of the broadband noise from rotating blades is of

interest in many industrial applications, such as aircraft
propeller noise, helicopter noise, wind turbine noise, cooling fan
noise, etc. Since the early 1970s, many empirical and semianalytical
models have been developed to predict, and therefore reduce, both
leading-edge and trailing-edge broadband noise from fans. The first
general framework for broadband noise predictions from rotating
blades is generally attributed to Ffowcs Williams and Hawkings [1],
who applied the exact Ffowcs Williams and Hawkings (FWH)
equation (see [2]) to point dipole sources in circular motion. This
approach was first extended to noncompact acoustic sources in
compressible flows by Homicz and George [3] for the case of
broadband noise due to blade—turbulence interaction. Homicz and
George related the unsteady blade loading to the turbulence spectrum
using the compressible airfoil theory of Osborne [4]. Their formu-
lation is quite general but was considered, at that time, as being very
expensive computationally. Kim and George [3] were the first to use
the exact FWH equation to develop a trailing-edge noise model for
rotating blades, but they approximated the sound sources as a point
dipoles.

To deal with the computational cost associated with the use of the
FWH equation for rotating broadband noise sources, which was
considered high at the time, Amiet [6] proposed a simplified
alternative approach, which has been widely used since. This
approach consists of approximating the noise from an airfoil in
rotating motion by the average over the angular position of the noise
from a translating airfoil. In other words, the circular motion is
approximated by a series of translations over an infinitesimal
distance, as shown in Fig. 1. Amiet stated in [6] that this approach is
valid at high frequencies and low rotor speed, where the effects of
rotation on the noise are weak. Amiet’s method has been first applied
to the leading-edge rotor noise by Paterson and Amiet [7] and to
trailing-edge rotor noise by Schlinker and Amiet [8]. This formu-
lation has been used extensively in recent years to predict the leading-
edge and trailing-edge broadband noise of low-speed fans (see, for
instance, Rozenberg et al. [9], Roger et al. [10], and Fedala et al.
[11]), helicopter rotors (Amiet et al. [12,13]), wind turbines (Glegg
et al. [14]), and open propellers (Pagano et al. [15]).

To the knowledge of the authors, there has been no published work
on the validity of the approximations made in Amiet’s model. In an
attempt to better understand the range of validity of Amiet’s model,
it is proposed in the present work to compare it to an equivalent
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dX ~ rdp
W

Exact FWH based model:
Predicts noise from rotating airfoils

Approximate model (Amict):
Predicts noise from translating airfoil
+ correction for Doppler shift
+ average over all angles ¢

Fig. 1 Physical description of the exact model and the approximate
Amiet’s model [6].

FWH-based broadband noise model in which the effects of circular
motion are treated exactly. The present study focuses on rotor
trailing-edge noise only because, in the case of leading-edge noise,
Amiet’s formulation requires substantial modifications to capture the
effects of blade-to-blade correlation due to turbulence ingestion (as
explained in [13]).

The expressions used to predict the unsteady blade loading in the
present study are very fast to compute; therefore, Amiet’s model for
deducing the noise of a rotating airfoil from the noise of a translating
airfoil saves only little computational time compared with the exact
FWH-based formulation. However, if more complex response
models were used, such as a computational fluid dynamics (CFD)-
based airfoil response function, for instance, Amiet’s model would
save significant computational time. This brings further motivation
to understanding the general principles and limitations of Amiet’s
model for treating the effects of rotation on airfoil noise radiation.

In this paper, Amiet’s model for rotor trailing-edge noise and an
equivalent FWH-based model are first described in detail. The exact
FWH-based model presented later in this paper is similar to the
model due to Kim and George [5], except that the compact source
approximation is relaxed. A comparative study is then presented
between the FWH formulation and the approximate Amiet model.
Criteria for the validity of Amiet’s model are then proposed. Finally,
according to these criteria, the validity of Amiet’s model is tested for
three practical applications: an open propeller, a model cooling fan,
and a wind turbine.

II. Presentation of Models

In this section, the analytical formulations of Amiet’s approximate
model and the exact model are presented. Figure 2 describes the
coordinate systems in which both models are expressed. The location
of a far-field observer with respect to the center of a B-bladed rotor
can be expressed in the spherical coordinate system (ry, ¥, 6) or the
Cartesian coordinate system (x, y, z). The location of the elemental
force dF, exerted by the blade on the fluid, can be expressed in the
cylindrical coordinate system (r,¢,x) or in the airfoil-bound
Cartesian coordinate system (r, X, Y), both centered at the midchord
of the airfoil. The azimuthal Mach number of the elemental force dF
is M. The stagger angle is denoted by a, and an angle v is introduced
to take into account the chordwise location of dF. As in a wind
tunnel, both the observer and the propeller are assumed to be
stationary while a flow is passing through the rotor in the axial
direction at Mach number M,.

Sections II.A and II.B present the two propeller trailing-edge noise
models under investigation and provide expressions for the power
spectral density (PSD) S, of the acoustic pressure, radiated to the far
field, in a form that facilitates their comparison. The narrowband
sound pressure level (SPL), in decibels, is deduced from the
expressions for §,, as

SPL (ry, 0, ) = 1010%10(

4S],p(ro,9, a))Aw) 0

(2.10)?

z z

M,
—_—
Y T

0
Rosind
To

observer observer

a) Propeller coordinates

flat-plate airfoil
dF

M,

M,

X

b) Airfoil-bound coordinates

Fig. 2 Coordinate systems defining the location of an elemental force
dF on a propeller blade.

where the bandwidth is set equal to Aw = 27 rad - s~!, and where a

factor of four is introduced, according to Moreau and Roger [16,17],
in order to correct for the unsteady loading due to a turbulent flow
passing the trailing edge of a flat plate. Neglecting the effects of mean
flow convection, the sound power level (PWL), in decibels, is
deduced from S, using

4T (w) Aw
PWL (f) = 10log, (%) 2)
where
2 fr
M(w) = 2Ty / S, (o, 0, ) sinfdo 3)
PoCo Jo

In both Amiet’s model and the exact model, strip theory is used in
order to capture the spanwise variation of the aerodynamic
parameters and the geometry. In the present paper, the two models are
compared for a single strip of width Ar centered at a radius 7.

A. Amiet’s Model for Propeller Trailing-Edge Noise

The starting point of Amiet’s model is the observation from the
work of Lowson [18] that the effect of rotation on noise generation is
weak if the ratio of angular frequency over rotor speed is high (i.e.,
®/2 > 1). This has been confirmed by the work of Morfey and
Tanna [19]. This condition of the validity of Amiet’s model will be
significantly revised in Sec. IIL.B.1 of this paper. Amiet’s trailing-
edge noise model for an isolated airfoil in translation (see [20]) can
therefore be applied by considering a rotating motion as a series of
translations over an infinitesimal distance. Furthermore, Amiet also
introduces [6] the following corrections to take into account the main
effects of rotation. The fact that a rotating blade segment is moving
alternatively away from and toward the observer is taken into account
by first substituting the angular frequency w by a Doppler-shifted
frequency w, given by

Wy .
;:1+M¢cosq§sm0 “)



BLANDEAU AND JOSEPH 1059

where My = 72/c, is the rotation Mach number. Then, since the
Doppler-shifted frequency w, now varies with the azimuthal location
¢ = Qt of the airfoil, an averaging of the pressure spectrum over ¢
needs to be performed. With these corrections included, the PSD of
the acoustic pressure radiated by B blades to the far field can be
written as

B [7(w
SPp,Amiel(rOv 1»[/‘Ov 97 w) = ZL (_

2
w¢) Spp.gb(rov Vo, 0, %) d¢ (5)
Theterm S, , in Eq. (3) corresponds to the expression for the PSD of
the trailing-edge noise due to a translating rectangular blade segment
centered at a radius 7. It can be expressed in the airfoil-bound
coordinate system [(r — 7), X, Y] from [20,21] as

Spp,(ﬁ(r()a WO’ 9’ (1)45)

1 (wycY\? )
:g m Ar|£(0, KX,¢5K¢)| Sqq((), Kx¢) (6)

where 02 = X2 + B3[(r— 72+ Y?], Bx=+/1—M%, and the
effects of skewed gusts are neglected (i.e., k, = 0) by making the
large span approximation, although this is not an essential
requirement for the validity of Eq. (5). The subscript ¢ denotes a
quantity dependent on the azimuthal location ¢ of the blade segment.
The chordwise turbulence wave number and the aeroacoustic
coupling wave number are, respectively, given by

on ko X

Ky = U. and ;= B (MX 0) @)
Schlinker and Amiet [§] assume a priori that the broadband self noise
radiated to the far field is independent of the observer azimuthal
coordinate ¥, which is equivalent to assuming that the observer is
located in the (x, z) plane (cf. Fig. 2). The relation between the airfoil-
bound coordinates [(r — 7), X, Y] and the polar observer coordinates
(ry, 0), which includes the effect of stagger angle o and azimuthal
angle ¢, can be obtained from

r—r rocos 6
X |=MM, 0 (8)
Y ro sin 6

where the rotation matrices M,, and M, are defined by

1 0 0
M,=]0 —sine¢ cosa |,
0 cosa sina

9
0 cos¢ sing ©)

My=|0 —sing cos¢
1 0 0

The effects of mean flow convection are neglected in this study by
setting By =1 and «, = —kyX/o in Egs. (6) and (7). The final
expression of the far-field PSD of the rotor trailing-edge noise, as
predicted by Amiet’s model, can therefore be obtained by
substituting Eqgs. (6-9) into Eq. (5) as

Spp,Amie((VOs 95 CL))

B (koc\2. 1 [
(L) Ar— A Dy(6,0)|£(0, Ky 4. ky)[*S,, (0, Kx ») dgp

“8x 2ry 27

(10
where
KX_¢=% and «k, = ko(sinfsina cos ¢ — cos Ocosar) (11)

c

The convection velocity U.. is related to the chordwise flow velocity
by U, = 0.8Uy (according to Amiet [20]), and a directivity term D,
is introduced in Eq. (10) as

D4 (0, o) = (cos fsin o + sin 6 cos o cos ¢)> (12)
The unsteady loading term L(k,, kx, k) in Eq. (10) was derived by

Roger and Moreau [22], who extended the earlier work of Amiet
[20,21] to take into account the effects of skewed gust to give

2200 o 0, :
ﬁ(kr, kx, K) = 0 e 2 Werf[\/ 21(@1 — @2)]
2 17 Y2

_erf[m]H} (13)

where the following notation has been introduced for the sake of

brevity:

O =Sky + oo + UM

{ 1 z xT M My (14)
O, =5 (kx +«)

and where 1 = kyM c/2B%, oo = v 112 — (k.c/2Bx)?* for super-
critical gusts (i.e., kyM, /k,By > 1) and 1, = /(k,c/2Bx)* — u>
for subcritical gusts (i.e., kyM,/k.Bx < 1). However, since the
effects of skewed gusts and mean flow convection effects are
neglected in this study, Eq. (13) is used by setting k, = 0 and 8y = 1.

Note that in the expression of «, [Eq. (L1)], the acoustic wave
number k; is a function of the observer frequency w rather than the
Doppler-shifted frequency w,. To the knowledge of the authors, this
point is not explicitly made in Amiet’s original work (see, for
instance, [13]) and this might lead the reader to use in error k, =
wy/ o instead of ky = w/ ¢, in Eq. (11). The wave number ks appears
in the term L(k,., ky, k) as a coupling term between the wave number
of the turbulence K 4 and the acoustic wave number k, of the sound
radiation, and only the former can be affected by a Doppler shift
resulting from rotation.

The wave number spectral density of the incident gust amplitudes
S,4» introduced in Eq. (10), is defined by Roger and Moreau [22] as

Sqq(ov kX) = %lr(kXUc)q)pp(kXUc) (15)

where @, ,(w) is the surface pressure spectral density close to the
trailing edge, and the spanwise correlation length is given by
l.(w) = 1.6U./w, according to Brooks and Hodgson [23]. In this
study, the semiempirical model for ®,, due to Goody [24] is used for
comparison of the two models, and it is given by

q)pp (a)) UX 3 06:)2

- 16
28 [@*7 + 0.5P7 + [1.1R;* &) (16)

where 7,, = 0.50, U)Z(Cf is the wall shear stress, C; is the friction
coefficient, § is the boundary-layer thickness, @ = w§/Uy is a
Strouhal number, and R; is the ratio of outer-to-inner timescales of
the turbulence given by

Ry = (8/Ux)/(v/u3) = (u8/v)/Cr/2

B. Exact Model for Propeller Trailing-Edge Noise

In this section, a rotor trailing-edge noise model is described that
treats the effects of rotation exactly, unlike the model due to Amiet
[6], presented in the last section. The exact model describes the
acoustic pressure field radiated to the far field using the exact FWH
equation [2] for rotating dipole sources as

v. |:dF(r, X, Y, 1)

p(r(Jv 1//079»0:—/ 4JTR0

] ds(r,X,Y) (17)
s ’

where dS is a surface element on the blade, and the square brackets
denote a quantity expressed at retarded time. Since the effects of
mean flow on the acoustic radiation are neglected, the relation
between observer time ¢ and source time t can be written as
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T:t—Ro/CO (18)

where R, is the distance between the elemental force dF and the
observer, as shown in Fig. 2. Assuming that the observer is in the far
field, the distance R, can be approximated in the amplitude terms by
the distance r, between the center of the propeller disk and the
observer. Further accuracy is required in the phase terms in order to
capture the effects of rotation. The following first-order Taylor
decomposition of R(, obtained after some manipulation of the
coordinate systems, is therefore used in the phase terms,

Ry~ ry— X cosacosf — rsinfcos(¢p — ¢ + ) (19)

The pressure jump Ap = ||dF|| due to the interaction between the
turbulent boundary layer and the trailing edge of each blade is
assumed to be incoherent from blade to blade. The noise due to a
single blade is, therefore, predicted, and a factor B is introduced in the
final expression for the PSD to account for the contribution of each
blade. Because of the rotation of the blades, Ap is considered as a
series of pulses repeating identically at every rotation of a blade and
can be expressed as

Ap(r,X,$.7) = Ap(r, X, 7) i S(p—Qr—27k)  (20)

k=—00

Following an approach similar to that of Blandeau and Joseph [25]
for the broadband noise due to rotor-wake/rotor interaction in
contrarotating open rotors, and considering only the k, = 0 case (as
in Sec. II.A), the PSD of the acoustic pressure radiated in the far field
is given by

Spp,cxact(rO’ 9’ w)

B (kyc\? o
= (ZLFO) Ark;oo Dy(0, ., @) L0, Ky 4 k) [2S,1, (0, Ky 1))

@n

where

k
Ky = % and K, =—sino — kycosacos 6 22)
r

¢

and a Doppler shift similar to that in Amiet’s model [see Eq. (4)] has
been defined by

D gl 23)
w w

The index k is the azimuthal acoustic mode order, and D, is a
directivity term defined as

Dy (0, o, w)

1 [r+@ar) k 2
=— cos@sina + —cosa | Ji(korsinf)dr (24)
Ar F—(Ar/2) kor

The unsteady loading term £ and the surface pressure cross spectrum
S,4> 10 Eq. (21), are the same as those defined for Amiet’s model in
the previous section.

Note that the model used for the spanwise correlation length /, is
not defined at w = 0, and this may generate discontinuities in the
noise spectrum in the exact model when w corresponds to multiples
of the rotor angular speed 2. This problem is avoided here by
assuming that S,,(0,0) =0. Moreover, because of the infinite
summation over k in Eq. (21), the wave number Ky ; can now take
negative values. To prevent nonphysical discontinuities, the factor
1/8, = 1/(5kx + 5Sk) at the front of Eq. (13) must be replaced by
1/6, = 1/(51kxl +5 k).

III. Comparative Study
A. Equivalence of Directivity Functions D in Both Models

Amiet’s simplified model and the FWH-based model, in which the
effects of rotation are treated exactly, have been expressed in the
previous sections in a form that facilitates their comparison. It
appears from Eqgs. (10) and (21) that the two models can be expressed
in fairly similar forms. However, three fundamental differences can
be identified and are listed next:

1) The directivity terms in the two models [D; and D,; see
Eqgs. (12) and (24), respectively] differ. The exact model includes a
Bessel function of the first kind and an integral over the strip span,
which are not appearing in Amiet’s model.

2) The exact model presents an infinite sum over the azimuthal
acoustic mode orders /, whereas Amiet’s model involves an integral
over the blade azimuth ¢.

3) The expressions of the turbulent chordwise wave number Ky
and the aeroacoustic coupling wave number « are different in each
model [see Eqgs. (11) and (22)].

As a first step, both models are compared in terms of their
directivity functions only. For this purpose, the preceding third point
is neglected, and the source terms |£|?> and S 4q can therefore be taken
outside of the integral and the summation in Egs. (10) and (21),
respectively. In this case, the only difference between the final
expressions of the two models lies in the directivity functions,

and
D = —1 2” D,d¢
Amiet 2 /(; ¢

of the exact model and of Amiet’s model, respectively.
The directivity function D ;. of Amiet’s model is obtained from
Eq. (10) as

1 [2= 1
D pmiet = E/(; D(0, o) dgp = cos?sin’a + > sinfcos’a (25)

whereas the directivity function D, of the exact model is deduced
directly from Eqgs. (21) and (24) as

> 1 & F+(Ar/2)
Dcxac = D[(Q o, a)) = (COS fsina
‘ k;oo Ar k;oo F—(Ar/2)
k 2
+-—cosa | J2(kyrsin6) dr (26)
kor

The directivity function D, can alternatively be written by
developing the parentheses in Eq. (26) as

1 [F+(r/2)
Dexaclzxf (Dl +D2+D3)dr (27)
rJi—(ar)2)
where
o0
D, = (cos Osina)? Z J?(kor sin 6) (28)

k=—00

2 o0
D, = T cos fcosasina k;O kJZ (kor sin 6) 29)

2 oo
Dy = (C"Sr‘") 3" K (kor sin6) (30)

k=—00

It can be shown that the infinite summations of Eqgs. (28-30)
converge, for any real argument ¢, to (cf. Appendix for mathematical
proof)
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Fig. 3 SPL predicted by Amiet’s model and the exact model and ASPL = 101og¢ (S, amict/Spp,cxact) for the observer angles § = 45, 75, and 90°.
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Substituting Eq. (31) into Egs. (28-30) and then into Eq. (27)
therefore yields

Do = €08?0sin’ar 4 1sin?0cos’a = D ey (32)
The preceding analysis shows that, in the case of equivalent source
terms, the directivity functions of Amiet’s model and the exact model
are identical. This equivalence does not seem to have been
recognized elsewhere and was unexpected, considering the fact that
Amiet’s model is not based on an exact acoustic formulation for
rotating sources, whereas the exact model is. Moreover, Amiet
developed [6] his model based on physical considerations and was
unaware? of the mathematical equivalence shown in the present
section.

However, even though this result reinforces the confidence in the
validity of Amiet’s model, it does not prove equivalence between the
two methods since the source terms £ and S, in each model cannot
be considered equivalent, as discussed later in Secs. IIL.B and III.C.

B. Comparison of Amiet’s Model and Exact Model

at Low Frequency

1. Estimation of Low-Frequency Limit f\, of Validity of Amiet’s Model
As mentioned in Sec. IILA, Amiet [6] stated that his model should

be valid at frequencies well above the shaft frequency of the rotor, so

that the effects of rotation on the generation of sound can be

neglected. Thus, over an acoustic period 27/w, the angular

displacement of the blade can be neglected. In other words, Amiet

gave an estimate of the low-frequency limit f,,, of validity of his

model as

Q
fl()w ~ fshaft = 2 (33)
4

*Private communication with Roy K. Amiet, 25 May 2010.

A more accurate estimation of the low frequency f,,, of the validity
of Amiet’s model is proposed in this section, based on the differences
of the two models in predicting the directivity of the broadband noise
at low frequencies.

Ithas been shown in Sec. IIL.A that the directivity functions of both
models are equivalent if the expression for the source terms |£|? and
S, 18 assumed to be the same in both models. This assumption was
made as a first step in the comparison of the two models but must be
relaxed to allow a complete comparison.

From the properties of the function D, [Eq. (24)], the exact model
predicts that only the k = 0 azimuthal acoustic mode contributes to
the radiated noise in the low-frequency limit. The second term in
Eq. (24), which represents the contribution to the noise of the
component of the unsteady blade loading in the torque direction (i.e.,
the azimuthal direction) must therefore vanish in the low-frequency
limit. Thus, according to the exact model, the rotor trailing-edge
broadband noise is controlled only by the component of the unsteady
blade loading in the thrust direction (i.e., the axial direction) at
frequencies where only the azimuthal acoustic mode of order k = 0
contributes to the radiated noise. This behavior cannot be captured by
Amiet’s model, since from Eq. (12), both the thrust and torque
components of the unsteady blade loading contribute significantly to
the noise in the low-frequency limit. Amiet’s model must, therefore,
differ from the exact model at frequencies lower than the cutoff
frequency f),, of the first azimuthal mode of order k = 1, which is
given by
Co

flow =

This revised estimate of the low-frequency limit f;,,, of validity of
Amiet’s model is significantly different from Amiet’s estimate, given
in Eq. (34). Both conditions represent a critical frequency below
which the effects of rotation can be considered important, but the
effects of rotation are quantified differently, i.e., in terms of the rotor
angular frequency 2 in Eq. (33) and in terms of the radial location r
in Eq. (34). Moreover, unlike Eq. (33), the improved estimation of
flow Presents a dependency on the observer angle. From Eq. (34), the
low-frequency condition f > fj,,, of validity of Amiet’s model can
be alternatively rewritten as 277 sin 6 > A (where A = ¢/ f is the
acoustic wavelength). This physically means that Amiet’s model
must be valid for acoustic wavelengths smaller than the distance 277

4
27Fsin 6 (34
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Fig. 4 Variation of ASPL,,,, with 6 for a) « = 30°, b) & = 45°, ¢) & = 60°, and M, = 0.1, 0.45, and 0.8.

covered by the blade segment during one rotation, projected in the
direction of the observer.

Figure 3 presents a comparison between SPLs (at 1 m) predicted
by Amiet’s model and the exact model for 8 = 45, 75, and 90°. The
configuration used is a single spanwise strip of the model cooling fan
described in Sec. IV.A. It appears from these plots that the expression
of fi,w introduced in this section [Eq. (34)] predicts more accurately
the low-frequency limit of validity of Amiet’s model than the
condition fy & fan [EQ. (33)], introduced by Amiet in [6]. Note
that the ratio ASPL = 10log;o(S,, amiet/Spp.exact) between the
predictions of Amiet’s model and the exact model tends in the low-
frequency limit to a value independent of frequency, denoted here by

ASPLy, = lim ASPL
I/ 10w

except for the case 8 = 90°. An estimate for ASPL,,,, is given in the
next section.

2. Estimation of Low-Frequency Error ASPL,,,, of Amiet’s Model

An estimate for the error of Amiet’s model ASPL,,,, in the low-
frequency limit is now derived. Noting from Eq. (13) that

. c c
lime = 1 (G el + 31
and that ®,,(w) is proportional to w?* in the low-frequency limit

[from Eq. (16)]; an exact value of the low-frequency error of Amiet’s
model can be obtained from Eqgs. (10) and (21) as

Sppame 1 27 (14 M |cosBcosal)’[l 4 (tan 6/ tan &) cos (1 + M, sin 6 cos ¢)

Eqgs. (12) and (24), the thrust component vanishes when the observer
is in the rotor plane (6 = 90°), whereas the torque component
vanishes when the observer is on the rotor axis (=0° and
0 = 180°), thus explaining the shape of ASPL,,,, shown in Fig. 4.
Note also that ASPL,,,, is weakly affected by changes in M,, and is
higher for small stagger angles « for any given observer angle
0 # 90°. These results confirm the behavior observed in Fig. 3.

C. Comparison of Amiet’s Model and Exact Model
at High Frequency
1. Estimation of High-Frequency Limit fyq, of Validity of Amiet’s Model
In both models under investigation, the streamwise turbulence
wave number ky is Doppler-shifted in order to capture the effects of
source rotation [see Eqs. (4), (11), (22), and (23)]. The expressions
for those Doppler shifts are different in both models, but the range of
shifted frequencies as ¢ varies is approximately the same. Thus, the
maximum value of the Doppler shift for Amiet’s model is obtained
for ¢ = 0, whereas the maximum value of the Doppler shift for the
exact model is obtained for k,,, & ky7sin 6 (from the property of
Bessel functions of the first kind), which yields from Egs. (4) and (23)

w o,
;" =1+kmaxQ/wzl+M¢sin9=;¢ (37)

max max

Since the range of shifted frequencies is not exactly the same, a small
error exists between the two models, and this error must become
significant in regions where the boundary-layer pressure spectrum
scales with ky to a high power. This typically occurs in the high-

lim =
I/ fiow—0 Spp,exact 2z 0

The integral in Eq. (35) does not seem to have a simple analytical
solution valid for all values of 6, «, M, and M. However, a simple
solution of Eq. (35) exists in the low Mach number limit (i.e.,
(My, M) < 1), which gives the following approximate expression
for ASPL,,,, (in decibels):

1 (tan 6?2
li ASPL,,,, = 101 14+= 36
ot 0 low Oglo{ +3 (tan a) } (36)

Figure 4 shows the variation of the exact [Eq. (35)] and low Mach
number [Eq. (36)] estimates of ASPL,,, as a function of the observer
angle 6 and for My =0.1,0.45,and 0.8, and o = 30,45, and 60°. For
any configuration, ASPL,,,, is zero for an observer on the rotor axis
(6 = 0° and € = 180°) and tends to infinity for an observer located in
the rotor plane (6 = 90°). This result can be explained by noting,
from Sec. IIL.B.1, that ASPL,,,, must be large if the component of the
unsteady blade loading in the torque direction is large compared with
the component in the thrust direction. However, according to

(14 My sinOcos ¢ + M| sinasin 6 cos ¢ — cos 0 cos a|)?

do (35)

frequency limit, where the surface pressure spectrum @, , scales with
kx> [see Eq. (16)]. It is therefore proposed to associate the critical
frequency fyo, with the turning point where @, enters its high-
frequency asymptotic region. Assuming that this turning point is
accurately predicted by the model for @, proposed by Goody [24],
an estimate for f,;,, can be identified from Eq. (16) as the frequency
above which the second term in the denominator becomes dominant
compared with the first term:

UxRYS

Sigh = 3.0 s

(38)

where Ry is introduced in Eq. (16) and deduced from the turbulent
boundary layer on the suction side of the airfoil, and where the factor
3.0 has been set empirically.

Figure 5 presents a validation of Eq. (38) by plotting the difference
in SPL, ASPL = SPL 5 iet — SPLy,» predicted by each model. The
rotation Mach number M, is kept constant while ASPL is estimated
at several stagger angles «; therefore, several values of fy;,, (since
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103 104 10°%
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Fig. 5 Validation of f;,, for « =40, 60, and 80°; My = 0.6 and
0 =90°.

ASPLg, (dB)

/ | — exact ASPngh

approximated ASPL .,

0 45 90 135 180
6 (rad)

Fig. 6 Variation of the high-frequency error ASPL;,, of Amiet’s
model with M, and 6.

-10

Ux = Mycy/sina) are evaluated. The observer angle is set to
6 = 90°, so that the effects of the Doppler shifts are maximum. The
baseline configuration chosen here consists of a single blade segment
(B=1) of chord ¢ = 0.4 m, span Ar =0.6 m, and stagger angle
a = 60°, rotating at M, = 0.6 and located radially at 7 = 1 m from
the center of rotation. The main turbulent boundary-layer parameters
required in the surface pressure spectrum used here [Eq. (17)] are the
boundary-layer thickness and the friction coefficient, setto§ = 5 cm
and C; = 1073, respectively. This configuration has been chosen
arbitrarily, without any loss of generality, so that the high-frequency
error of Amiet’s model appears clearly in Fig. 5. Practical

Table 1 Main parameters used for the applications considered

Model cooling fan Open propeller Wind turbine
R,,m 0.4 1.8 (typical) 29
o, ° 56 73 (takeoff), 52 (cruise) 80
c,m 0.13 0.31 (estimated) 2 (estimated)
B 2 6
Q, rad-s7! 62.83 188.5 2.618
M, 0.0525 0.748 0.165

applications to realistic rotor configurations are presented in
Sec. IV.A.

The estimate for fy;,, given in Eq. (38) accurately predicts the
high-frequency limit at which Amiet’s model starts to deviate from
the exact model, in Fig. 5. Note also in Fig. 5 that ASPL converges to
a value, denoted here by ASPLy;,;, that is independent of frequency
and weakly dependent on stagger angle. An estimate for ASPLy;, is
given in the next section.

2. Estimation of High-Frequency Error ASPLyyy, of Amiet’s Model

Because of the complexity of Egs. (10) and (21), it is difficult to
establish an exact analytical expression for the high-frequency error
ASPLy;,;, between Amiet’s model and the exact model. However, it
has been observed that ASPLy;,, varies mostly as a function of
M, sin 6, which corresponds to the main term of the Doppler shifts
responsible for the high-frequency error of Amiet’s model [see
Eq. (37)]. Figure 6 presents plots of ASPLy,;, as a function of 6 for
different values of M, for the configuration described in Sec. IILC. 1.
These plots were obtained at the unrealistically high frequency of
S = 100 kHz, where ASPL,;,, has converged to a value independent
of frequency (as shown in Fig. 5). An empirical estimate of ASPLy;g,
is obtained by curve fitting the exact value to give

ASPLyg, &~ Alog)o{1 — (M, sin 6)¢} (39)

where A is an arbitrary constant set equal to A = 160.

Reasonable agreement is shown in Fig. 6 between the approx-
imated ASPLy;,, of Eq. (39) and the exact value of ASPLy,,.
Equation (39) can therefore be used as an estimate of the high-
frequency error between Amiet’s model and the exact model, when
the frequency is above the high-frequency limit of validity f;gn,
given in Eq. (38).

IV. Applications and Discussion of Domain
of Validity of Amiet’s Model

A. Applications

The results presented in Sec. III show that Amiet’s model and the
exact model for propeller trailing-edge noise agree better than 0.1 dB
over a frequency range bounded by the frequencies fio, and fuign
[Egs. (34) and (38)]. Approximate estimates of the low- and high-
frequency error ASPL,,, and ASPLy;,, of Amiet’s model, beyond
these critical frequencies, have also been proposed in this paper
[Egs. (36) and (39)].

The criteria defining the validity of Amiet’s model are now applied
to different realistic industrial fans and rotors. Three different
applications are chosen on the basis that they all have been the subject
of published studies of trailing-edge noise. They consist of an open
propeller [15,26] (at takeoff and cruise conditions), a model cooling
fan [9], and a wind turbine [27]. Note that the trailing-edge noise
model due to Amiet [6], assessed in this paper, was in fact used in
these references to predict the broadband noise of the open propeller
[15,26] and the model cooling fan [9], whereas the semiempirical
method of Brooks et al. [28] was used for predicting the broadband
noise from the wind turbine [27].

In this section, Amiet’s model and the exact model are compared,
for all rotor configurations, by predicting the trailing-edge noise
directivity and PWL spectrum of a representative blade section
located at three-quarters of the tip radius (i.e., 7 = 0.75R,). The span
of the blade section considered is set to be equal to a third of its radial

Table 2 Estimates of the validity of Amiet’s model applied to the four configurations considered

Sshato HZ fiow (6=90°), Hz

ASPLyy,, (6= 60°),dB  fyig, Hz  ASPLyy, (6 = 90°), dB

Model cooling fan 10 180
Open propeller at cruise 30 40
Open propeller at takeoff 30 40
Wind turbine 0.42 2.5

1 500 ~0
3 23 x10° —13
1 1.7 x 10° —13
<1 6520 ~0
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Fig. 7 PWL predictions, using Amiet’s model and the exact model, of the trailing-edge noise due to a single strip of an open propeller at a) takeoff and

b) cruise conditions; ¢) a model cooling fan and d) a wind turbine.

location (i.e., Ar = r/3). The panel method software XFOIL is used
to obtain the boundary-layer parameters required for the trailing-
edge broadband noise models. Since no blade geometry is provided
in the references (except for the cooling fan in [9]), and since the
interest is in comparing the trailing-edge noise models, rather than
producing highly accurate noise predictions, a NACA0012 airfoil
geometry is used as input into the XFOIL code for all the rotor
configurations. It is also assumed, without loss of generality, that the
angle of attack is zero in all configurations.

o

of { © :

B SIS '
50 45 40 35 30 25 30 35 40 45 50
SPL (dB)

a) OP at takeoff, f= 10Hz

SPL (dB)
b) OP at cruise, f=10Hz
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o N 0 o E

A 0
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e) OP at takeoff, f = 100Hz
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f) OP at cruise, f=100Hz

80° : R S 0
55 50 45 40 35 40 45 50 55

0 s - g
62 60 58 56 54 52 54 56 58 60 62

o

o

The main geometry and aerodynamic parameters used in this study
are given in Table 1. The tip radius of the open propeller is not
provided in [15,26] and is therefore set arbitrarily to R, = 1.8 m,
which is a typical value for open propellers. Note that the stagger
angle « is the only parameter modified between the takeoff and the
cruise conditions for the open propeller configuration. An approx-
imate value of the chord of the open propeller and the wind turbine, at
75% of R,, has been deduced graphically from the sketches provided
in [15.26.27].

: o
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Fig. 8 Directivity of SPL (at 1 m) ata-d) f = 10 Hz, e-h) f = 100 Hz, and i-1) f = 10 kHz for the open propeller (OP) at takeoff and cruise, the model
cooling fan (MCF), and the wind turbine (WT). Amiet’s model: dashed line; exact model: solid line.
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The main criteria for the validity of Amiet’s model, introduced in
Sec. 111, are applied to the three cases considered and are summarized
in Table 2. The maximum values of fi,, and ASPL, (i.e., at
6 = 90°) are shown, and an estimate of ASPL,,, is given at § = 60°
using Eq. (36). Figure 7 presents predictions of PWL using both the
exact model and Amiet’s model for the four configurations
considered. Agreement better than 0.5 dB is generally observed
between the two models for frequencies above fi,,. The low-
frequency error ASPL,,,, and the low-frequency limit f;,,, of Amiet’s
model agree well with the values predicted in Table 2. Moreover, the
high-frequency error ASPLy;q, of Amiet’s model is either negligible
(for the cooling fan and the wind turbine) or significant (for the open
propeller) but only at frequencies f > fy,, well above the audible
frequency range, as shown in Table 2.

Figure § presents directivity patterns predicted by both methods
for the four rotor configurations considered at f = 10 Hz,
f =100 Hz, and f = 10 kHz. In these directivity plots, Amiet’s
model and the exact model differ only at very low frequencies
(f = 10 Hz), as already observed for PWL in Fig. 7. At frequencies
f =100 Hzand f = 10 kHz, which are within the audible range, the
agreement of these directivity plots is excellent, and the difference in
SPL between the two models is within 1 dB.

B. Discussion of Validity of Amiet’s Model

Despite the important theoretical differences presented in Sec. III,
the approximations made in Amiet’s model for the noise due to a
rotating blade section seem to impact very little on the noise
predictions over the audible frequency range. For the configurations
studied, both models provide predictions of PWL and directivity that
differ by less than 0.5 and 1 dB, respectively. It has been shown that
the error of Amiet’s model can become significant, but the fre-
quencies at which this occurs are generally either too low or too high
to be of significance in evaluating subjective indicators of noise, such
as effective perceived noise-level. Thus, this paper formally
establishes the validity of Amiet’s assumption [6] that, over most of
the audible frequency range, the effects of rotation on rotor broad-
band noise can be included by means of averaging over the angular
position of a locally translating airfoil, as shown in Fig. 1.

As mentioned in Sec. I, the difference in computational time
between the two models compared in this study is not significant,
since the analytical isolated flat-plate response functions used in this
paper [Eq. (13)] are fast to compute. However, Amiet’s approach for
deducing the noise of rotating airfoil from translating airfoil noise
models may save significant computational time if more complex
models are used for the blades response function. The very good
agreement observed in this study between the approximate model
and the exact model indicate that applications of Amiet’s model to
response models such as, for instance, CFD-based models that can
take into account realistic airfoil geometries (see, for instance,
Sandberg and Sandham [29]) may be feasible and should be
investigated in subsequent work.

V. Conclusions

In conclusion, the approximate model due to Amiet [6] for
predicting the trailing-edge noise from rotating blade sections has
been compared with an exact model based on the FWH equation for
rotating sources of sound. The two models have been analytically
expressed in a form that facilitates their comparison, and equivalence
of their directivity functions has been shown. Amiet’s model exhibits
excellent agreement with the exact model over the midfrequency
range but diverges in the low- and high-frequency limits. Conditions
for the low- and high-frequency limits of the validity of Amiet’s
model have been established. Estimates of the error of Amiet’s model
in the low- and high-frequency limits have been provided. The two
trailing-edge noise models have been applied to practical
applications, including an open aircraft propeller, a model cooling
fan, and a wind turbine. It has been shown that the domain of validity
of Amiet’s model covers most of the domain of frequencies of interest
for the configurations studied.

Appendix: Mathematical Proof of Equivalence
of DAmiet and Dexact

In this Appendix, the mathematical proofs of the identities of
Eq. (31) are presented. All these identities are particular cases of
known theorems that can be found, for instance, in Abramowitz and
Stegun [30].

The first identity of Eq. (31) can be proved from Neumann’s
addition theorem for Bessel functions of the first kind (from
Eq. 9.1.75 in [30]), which states that

3 T ) = J,(u £ v) (A1)
k=—00

for any integer v and any reals u and v. Settingu = v = {andv = Oin
Eq. (A1) and noting that J,(0) = 1 yields

Y o =1 (A2)
k=—00

The second identity comes from the property of Bessel functions of
the first kind, stating that J2, ({) = J?(¢). For any real argument ¢, the
following identity can then be proved by recurrence that

Y kR =0 (A3)
k=—00

The third identity can be proved from Gegenbauer’s addition
theorem for Bessel functions of the first kind (Eq. 9.1.80 in [30]),
which states that

‘IU (w)

v

Jv+kv(”) Jv+kv(v) CI((U) (COS Ol) —
u v w

2T(v) Y (v+k) (A4)
k=0

where v is any positive, nonzero integer, # and v are any reals,
w=~u + 1> —2uvcosa, and C\"(z) is Gegenbauer’s poly-
nomial. Setting v =1, u = v = {, and a = 0, and using the fact that
Ci(1)=1+kand

lirr(l)Jl(w)/w =1/2
yields
0 ;2
2) (k+ D2 =2 (AS)
k=0

which can be extended to negative k values as

0 Cz
Y RRO =% (A6)
k=—00 2
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